The objective of this paper is to evaluate two existing homogenization methods using a simple damage model for fibrous membrane and compare them. A macroscopic damage model of a fibrous membrane tissue based on the knowledge of the behavior and fracture process of a single fiber is constructed. Under some simplifying assumptions (linear behavior of the fibers, brittle fibers, constant angular distribution of the fibers), the evolution of fiber fracture is described by two macroscopic scalar variables; this enables the tissue's damage to be modeled without requiring a second discretization at the microscale. phase of the homogenized material. In the case of biological materials, the proposed law enables taking into account the often observed phenomena of crimping and damage of the fibers.
homogenization process is conducted. The anisotropy of the tissue is then 23 described by associating different weights to the fiber directions. Using a 24 limited number of integration directions was proved to be enough to provide 25 good accuracy as well as a low computational cost to the two-scale simulation 26 of 3D tissues. Another recent feature is the macromolecular network model 27 proposed by (Kuhl et al., 2005) , based on eight-chain unit cells and which
28
can handle fiber reorientation.
29
In this paper, the attention is focused on how the fiber distribution is 30 taken into account: both the kinematic and energetic methods are adapted 31 to the same fibrous tissue model to assess whether and in which domain they 32 are equivalent.
33
The second point in modeling the fracture of fibrous tissue is the de-34 scription of the damage. In the field of biomechanics, the problem of the 35 fracture of fibrous tissues has received only limited attention. Some authors 36 model damage continuously using an internal damage variable which is to 37 be identified for 1D (Calvo et al., 2007) or 2D tissues (Balzani et al., 2006) . (Rodríguez et al., 2006 ) introduces a 3D model which also describes dam-39 age continuously, but uses two independent variables for the matrix and the 40 fibers. Other papers describe damage in the tissue as the result of fiber 41 fracture on the lower scale: (Hurschler et al., 1997) proposes a tendon-and-aligned with a single direction. (Liao and Belkoff, 1999) also proposes a fracture model of a 1D tissue, but takes into account the initial crimping of 46 the fibers. ) models the fracture of arteries by dissection, i.e. splitting through the thickness, which constitutes a different 48 fracture mode than surface tearing. (Cacho et al., 2007) proposes a damage 49 model for a fibrous tissue made of initially crimped fibers. More recently, 50 (Sáez et al., 2012) introduced damage in a microsphere model of the blood 51 vessel taking into account its initial anisotropy.
38

52
The fibrous tissue modeling in the present paper is similar to that from 53 (Cacho et al., 2007) . The idea of our model is to describe the evolution of 54 the macroscopic damage in a fibrous membrane and therefore of the tissue 55 anisotropy during a biaxial strain loading; under simplifying assumptions, it 56 will be shown that two scalar variables are sufficient for this purpose. This 57 simple model, including some extensions related to biological tissues, is used 58 to illustrate the comparison of the two homogenization methods.
59
The outline of this paper is the following: the first part presents the 60 two homogenization methods adapted to a fibrous membrane model; the 61 second part is focused on the description of the simple damage model that we 62 propose; the third part illustrates the comparison of the two homogenization 63 methods using our damage model; the fourth part presents extensions of the 64 damage model to biological phenomena such as damageable fibers and fiber
Modeling the tissue fracture
Let us consider a fibrous membrane and suppose that we know the in-68 fluence of a biaxial tension loading on the fibers breakage. We can proceed 69 to homogenize the behavior. Several homogenization methods are available 70 in the literature; the most commonly used are the ones described in (Lanir, 71 1983) and . The first one consists in an energetic ho-72 mogenization of the fibers while the second is based on a kinematic homoge-73 nization. In this paper, these two methods are adapted to the fibrous tissue 74 damage problem and compared. 
General framework
76
This section takes up the same general framework as in (Gasser et al., 77 2006). We consider a plane tissue consisting of a matrix and fibers. The 78 free energy ψ of the tissue is the sum of the free energy of the matrix ψ m 79 and the free energy of the fibers ψ f . A common way to enforce compress-80 ibility/incompressibility conditions is to split the strain energy of the matrix 81 into a volumetric part U m and an isochoric partψ m . It is usually assumed 82 that the incompressibility of biological tissues is due to the water content 83 of the ground matrix and that the fibers' contribution is negligible in the 84 volumetric part of the free energy. Therefore, it is not necessary to split the 85 fibers' contribution into volumetric and isochoric parts.
86
Hence the free energy of the tissue can be written as:
First we will address the matrix free energy expression; then, we will examine two homogenization methods for the contribution of the fibers. The volumetric/isochoric decomposition is applied to the gradient of transformation F, i.e. to the right Cauchy-Green strain tensor C :
(2)
with J = det(F). The cumulative energy decomposition enables the second Piola-Kirchhoff stress tensor (PK2) to be expressed as:
92
We set p = ∂U m /∂J; we also assume that the matrix follows an isotropic, neo-Hookean behavior expressed byψ m = c trC − 3 /2, where c is a material parameter. Then:
with the fourth-order operators
where δ ij is Kronecker's symbol.
94
Thus, the contribution of the matrix to PK2 tensor becomes: 
100
Before damage occurs, this function is normalized, i.e.:
In the case of a homogeneous distribution, i.e.
103
Once damage occurs, the density is a function of damage state D. The 104 integration domain evolves and is then denoted A(D). Given this description,
105
we can write :
A(D) represents the domain where the fibers are not broken.
φ f (ξ, E), whose expression depends on the constitutive relation of the fiber.
113
Therefore, on the tissue's scale, the free energy ψ E f of the fibers is:
The expression of stress tensor PK2 is:
Now let us consider the particular case where the fibers behave linearly 116 before damage. The total free energy of the fibrous part of the tissue is:
where E is the Young's modulus of the fiber's material and M = n(ξ) ⊗ 118 n(ξ) the orientation tensor (see Section 3). Thus, the expression of stress 119 tensor PK2 is:
Eq. (11) The kinematic method is derived from works described in (Gasser et al., tensor H defined by Eq.(14) . This tensor is used as a macroscopic projector 129 of the strain tensor onto the structure of the undamaged fibers.
H 33 equals zero because the fibers are oriented only perpendicularly to
131
Direction 3.
132
Thus, the constitutive law is applied to the tissue rather than to its 133 constituent fibers, taking the scalar E h = H : E as the strain value to 134 express the macroscopic strain energy ψ K f here in the linear case (Eq.15).
From that expression, we deduce the PK2 tensor corresponding to the K method:
Once again, the damage variable D and the Green-Lagrange strain tensor E 136 are independent variables. So H is not differentiated with respect to E. Let us recall that the total energy of the tissue can be divided into three 139 parts (Eq.1) including two from the matrix contribution (Eq.7).
140
Thus, depending on the homogenization method, tensor PK2 has either of the two forms:
Since the objective is to implement the model into a finite element calcu-143 lation code, the tissue is modeled in 3D and plane stresses; in order to apply 144 this condition, we define the Cauchy stress tensor T:
The components derived from the matrix contribution are:
where B = F.F T is the left Cauchy-Green tensor. Concerning the contri-
146
bution of the fibers, we distinguish the two homogenization methods:
We can notice that the fibrous contribution to the overall tissue does 148 not create a Cauchy stress components out of the plane; this is due to the 149 formulation of the fiber density function and to the fact that we do not 150 split the fibrous contribution into a volumetric component and an isochoric 151 component.
152
The plane stress condition is expressed by:
We can observe that this equation involves p, the material characteristics
154
of the matrix and the components λ i of the deformation gradient tensor.
155
Here, as is commonly assumed for soft biological tissues, the matrix is con-156 sidered to be incompressible. In this case, the strain component across the 157 thickness is defined by Eq.(25) and p is a Lagrange multiplier determined by 158 the plane stress condition (Eq.26).
The two homogenization methods have been described; the next section 160 presents the damage model that was constructed to compare them. In this section, we propose a simple model to describe the evolution of 163 the macroscopic damage of a plane fibrous tissue subjected to biaxial tension 164 loading, which is assumed to be the result of fiber breakage on the microscale.
165
The two objectives of this section are first, to build a damage evolution law 166 for the macroscale damage, taking into account its anisotropic nature due 167 to the microscale phenomena; second, to compare the two homogenization 168 methods presented in the previous section.
169
The underlying assumptions of this section are the following:
170
• the fibers are rectilinear, linear elastic, and brittle;
171
• prior to damage, the angular distribution function of the fibers is 172 known, continuous and nonzero;
173
• the phenomenon of fiber reorientation during loading is neglected ;
174
• the principal directions of the biaxial strain loading do not change.
175
The third assumption relies on the conclusions of Sacks and Gloeckner 176 (1999) , which observed that the closer the loading to equibiaxiality, the lesser 177 the reorientation of the fibers. Therefore, in the framework of the present 178 study which focuses on biaxial loading, it appears acceptable to ignore fiber 179 reorientation.
180
This model is academic. It is designed to produce clear conclusions when 181 the two homogenization methods proposed in the previous section are com-182 pared. It can be extended using a two scale approach to more realistic situ-183 ations as uncrimping, damage, non isotropic fiber orientations: the price to 184 pay to these extensions is a larger number of internal variables to describe 185 the small scale state.
Parameterization of the problem
the direction of a fiber is characterized by the angle ξ ∈ [−π/2, π/2] and its 189 initial direction vector n defined by:
The tissue is subjected to a biaxial strain characterized by the macro-
191
scopic Green-Lagrange strain tensor E described in Cartesian coordinates
192
by:
where ε r is the ultimate longitudinal strain of the fibers. ϕ is the loading 195 angle. From here on, we will assume that ϕ ∈ [0, π/2] and k ≥ 0, which 196 implies strict biaxial tension.
197
The fibers constituting the tissue are uniaxial elements which can with-198 stand only solicitations along their axis. The longitudinal Green strain ε f of 199 a fiber oriented along an angle ξ is defined by:
We can observe that for ϕ = The elasticity range D of a fiber is defined in the strain space by:
The corresponding elasticity range of the tissue, denoted S, is:
The shape of S corresponds to the resolution of the equation ε f − ε r < 0 and is described by:
At the boundary of S, at least one fiber breaks as the non-rupture crite- .
210
The next section describes the damage process of the fibrous tissue. 
215
Case of a proportional loading. We assume that the tissue is subjected to a proportional strain loading (i.e. with ϕ constant) so as to reach a point 217 defined by (k,ϕ) such that: 
ϕ ∈ π 4 , π 2 :
Micro scale damage state and the angles ξ 1 and ξ 2 are illustrated in Fig.1 227 for two typical cases: {ϕ = π/6, k = 1.7} and {ϕ = π/2.7, k = 1.2}. Fig.2 228 displays the evolution of ξ 1 with increasing k values for different angles ϕ. Case of an arbitrary loading. We now consider that both the characteris- The fracture surface at the macroscopic level evolves as damage increases.
We denote A the set of healthy fibers angles. The fiber density function becomes:
The fiber density function can be observed for a particular case in Fig.4 . The elasticity range becomes:
The distortion of the surface is simply the change of the set A. More 247 details for the model are described in Brunon (2011) . 
Macroscopic structure tensor properties
Let us observe some properties of the resulting macroscopic structure 256 tensor H. We can immediately observe that H 12 = H 21 = 0 because the 257 function cos * sin is odd. Indeed, since the integration intervals are always 258 symmetrical with respect to 0, these two components are always zero, even 259 when damage occurs. Besides, damage affects the components of H directly.
260
The even nature of functions cos 2 and sin 2 leads to:
An example of the evolution of the nonzero components of H for a loading 
Homogenization methods comparison
265
A plot of the fibers' contribution to the strain energy for each method
266
( Fig.6) shows that under the current assumptions of uniform angular distri- Indeed, for ξ 1 and ξ 2 constant (especially prior to damage), the ratio of ψ K f
272
to ψ E f is constant throughout the loading and independent of the value of 273 the elastic parameter E. Besides, the shape of the components of tensor PK2 (Fig.7, b) show that 275 the K method leads to the same value of the two nonzero components of S K f 276 prior to damage, whereas the tension applied to the tissue is not equibiaxial.
277
Conversely, with the E method, this unrealistic result is not obtained. This
278
is probably an illustration of the possible non-physical results obtained when 279 the structure tensor theory is applied to a planar isotropic fiber distribu-280 tion (Holzapfel et al, 2010) . However for both homogenization methods, the more anisotropic using the E method than using the K method. 
Case of damageable fibers
292
The general case described in the previous section is based on the assump-
293
tion that the fibers are brittle. We now assume that they are damageable.
294
This is a realistic assumption as collagen fibers have a substructure consisting 295 of fibrils which can break progressively (Kastelic et al., 1978) .
296
We choose here a continuous description of the 1D damage in the collagen 297 fibers. The behavior of a fiber is described in Fig.8 : we introduce the damage 298 variable D, whose evolution is linear, and the damage strain ε D . In the case 299 of a tissue which is initially isotropic and whose fiber density is a binary 300 variable, there is a duality relation between ρ and the damage variable D,
301
which enables a simple description of stress homogenization (Eq.43). E method:
In these expressions, tensor Γ represents the value of the strain tensor E 303 which led to the current macroscopic damage state of the tissue. Since this 
The shape of the strain energy for each method is given in Fig.9 . We 310 obtain a smoothed peak for the evolution of the Cauchy stress in the tis-
311
sue, corresponding to a more progressive macroscopic damage of the tissue 312 (Fig.10) . 
Introduction of fiber uncrimping
314
In many applications (biological tissues, elastomers, etc.) the loaded 315 fibers uncrimp before being stretched. To take this phenomenon into account,
316
we adapt the method described in (Cacho et al., 2007) and introduce the 317 strain value ε t beyond which the fiber starts becoming stretched (Fig.11 ).
318
The function t(ξ) is introduced to describe the stretched or unstretched 319 state of the fibers: t(ξ) = 0 if ε f < ε t , t(ξ) = 1 otherwise. Then, the 320 description of the two macroscopic models is that of Eq.(46, 47) .
321
E method: K method: experimentally. In order to obtain the "toe region" which is often observed 336 experimentally and which is attributed to the uncrimping of the fibers, only 337 a fraction of the fibers must be stretched when damage begins; this could be 338 obtained using a random distribution of the fibers' crimping, which is not in 339 the scope of this paper as it requires a two-scale computation. because the constitutive law is applied directly to the macroscopic tissue.
367
Depending on the homogenization method, the principle of the identifi-
368
cation of the damage model is different: indeed, the E method based on the 369 strain energy of a fiber requires knowing the behavior and fracture strain 370 of a fiber; these parameters can be determined independently of the fibrous 371 tissue (see, for example, (Sasaki and Odajima, 1996; Svensson et al., 2010) 372 for collagen fibers). Nevertheless, while the response of the fibrous tissue can 373 be determined a priori, the response of the matrix is still to be identified.
374
In the case of the K method, the constitutive law is applied to the tissue 375 rather than to the fibers; consequently, the identification of the macroscopic 376 parameters of the tissue is required both for the fibrous tissue and for the ma-377 trix; only the fracture strain of the fibers can be determined experimentally 378 a priori. In practice, the identification of material parameters associated 379 with damage requires being able to control the evolution of damage so that 380 rupture does not to occur too rapidly. This constitutes the main difficulty of 381 the experimental characterization of damage.
382
The model proposed in this study can be applied to initially isotropic 383 membrane tissues. Therefore, the prospective applications of this study con-cern the identification of the model's parameters in practical cases. In the 385 case of biological tissues, the fracture modeling of the liver capsule could en-386 hance a model of the human body and improve the prediction of liver injuries 387 during an impact.
388
Appendix A: Details about the description of damage
389
The objective of this development is to define, for a radial loading with 390 an amplitude greater than the bounds defined in Eq.(33), the angular sectors 391 in which the fibers break. This corresponds to the resolution of ε f − ε r > 0.
392
In the general case, since sin 2 ξ = 1 − cos 2 ξ:
Two cases need to be distinguished:
ϕ ∈ π 4 , π 2 ⇒ cosϕ − sinϕ ≤ 0 ⇒ cos 2 ξ < 1 − k sinϕ k (cosϕ − sinϕ)
In the following, only the case ϕ ∈ 0, π 4 is explained.
394
These equations hold provided that the right-hand side is positive, i.e.:
Therefore, one can write:
This expression is valid if the second term (which is positive) is between 395 0 and 1, which is verified for k ≥ 1 cos ϕ .
396
Finally, the damage in the tissue can be described as follows:
For ξ ∈ A, the solutions of inequality ε f (ξ) − ε r > 0 are: 
